
ABSTRACT - Long series of soil moisture data have been col-
lected during field experiments using the Time Domain
Reflectometry (TDR) technique. The time evolution of the
soil moisture profile highlights features of the different soil
physical characteristics. Among the soils considered, a
sandy soil shows the presence of an inflection point in the
soil moisture profile whereas this has not been observed in
a silty loam of a sub-alpine valley.

The water budget in the superficial soil layer is compu-
ted by means of a mass balance based procedure, using the
soil water content measures. The procedure allows estima-
ting the evaporation during drying periods and the infiltra-
tion after precipitation events. The method was applied to
soil moisture data collected during field experiments reali-
zed both in a physical model at the Lido beach of Venice
and in natural sites in mountain and suburban environment.
Analytical solutions of the linearized Richards equation are
derived to model different situations of interest. Solutions
representing the experimental data both during infiltration
and evaporation periods were obtained for arbitrary initial
water content conditions and boundary conditions on flux
rate. This permits to obtain the boundary conditions from
standard meteorological data: precipitation data (incoming
flux) and Bowen ratio data (outgoing flux, obtained by the
energy balance using air temperature and relative humidity
at two heights). The advantage is that meteorological data
are very common, while soil volumetric water content mea-
surements are usually not available exactly at the soil-atmo-
sphere interface.

KEY WORDS: Soil Moisture, Time Domain Reflectometry,
TDR, Water Budget, Evaporation, Infiltration, Linearized
Richards Equation.

RIASSUNTO - In questo lavoro vengono presentati i dati di
contenuto volumetrico di acqua del suolo acquisiti in siti

distinti, durante tre campagne di misura, protrattesi per vari
mesi. Per queste misure è stata utilizzata la tecnica della
Riflettometria nel Dominio del Tempo (Time Domain
Reflectometry, TDR). L’evoluzione temporale dei profili
d’umidità mette in evidenza, in modo significativo, compor-
tamenti diversi in base alle differenti caratteristiche fisiche e
idrauliche dei suoli studiati. Tra questi, solo la sabbia del
modello fisico realizzato al Lido di Venezia mostra, con evi-
denza, la presenza di un punto di flesso nel profilo d’umidi-
tà, mentre i profili misurati in campo in un terreno franco
limoso a Pallanzeno (Val d’Ossola) ed in un terreno di
medio impasto in una zona suburbana di Milano restano
sempre convessi.

Viene inoltre proposto un agile algoritmo (MENZIANI et
alii, 1999) che, dall’equazione di conservazione della massa,
permette di stimare le perdite/guadagni della colonna di
suolo di sezione unitaria. Le misure di contenuto volumetri-
co d’acqua e di precipitazione piovosa consentono quindi la
stima dell’evaporazione o dell’infiltrazione all’interfaccia aria
- suolo, in assenza di flusso orizzontale e sul fondo della
colonna considerata.

Vengono infine presentate soluzioni analitiche per
l’equazione di Richards linearizzata, soggetta a condizioni
complementari arbitrarie, assunte per il flusso come con-
dizione al bordo superiore e per il contenuto volumetrico
d’acqua come condizione iniziale. Di norma, le misure
meteorologiche standard consentono la stima del flusso
superficiale sia in ingresso sia in uscita (precipitazioni ed
evaporazione ottenuta con il metodo del rapporto di
Bowen), mentre i dati di contenuto volumetrico d’acqua
sono rari ed è estremamente difficile assegnarli come con-
dizione al contorno.

PAROLE CHIAVE: Umidità del suolo, Riflettometria nel
Dominio del Tempo, TDR, Bilancio idrico, Evaporazione,
Infiltrazione, Equazione di Richards linearizzata.
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1. - INTRODUCTION

The soil water content is a property of great
importance in a range of hydrological processes
including land-atmosphere interactions (evapora-
tion, precipitation), flooding, erosion, solute tran-
sport etc. (GEORGAKAKOS, 1996), which, in turn,
are relevant in many different fields as hydrology,
meteorology, agriculture, civil engineering and so on.

Evaporation and precipitation are the main
components of the hydrological balance. The
knowledge of evaporation is crucial in case of
drought since it is the main mechanism, which
depletes the available water (BRUTSAERT, 1988).
Furthermore it plays a role also in determining
the runoff, as it defines, together with drainage,
the soil moisture profile before the rainfall event
(LIU & BRUTSAERT 1978; LOAGUE & FREEZE,
1985). Finally evaporation is also important as air-
soil coupling linkage to enhance or reduce preci-
pitation (BRUBAKER & ENTEKHABI, 1996).

The quantity of soil moisture available to plants
is strongly determined by the soil water flow pro-
cesses such as infiltration, redistribution, draina-
ge, evaporation. The quantitative knowledge of
the dynamic balance of water in the soil is there-
fore a crucial point in the physical description of
the soil-plant-atmosphere system, which must be
based on the understanding of the field water and
energy balance at the soil surface (BRUTSAERT,
1988; HORNBERGER et alii, 1998). The two balan-
ces are intimately connected, since the water
balance involves processes that require energy
and the content of water in the soil affects the
way the energy flux reaching the soil surface is
partitioned and utilized, thus affecting the energy
balance (HILLEL, 1980a , 1980b). In particular the
evaporation process, which is often the principal
consumer of both water and energy in the field,
depends in a combined way on the simultaneous
supply of water and energy.

Moreover, all these processes, characterizing
the soil water content profile, allow estimating the
local recharge of the aquifers due to precipitation.
Nowadays soil moisture measurements may be
routinely performed using the Time Domain
Reflectometry (TDR) technique (TOPP et alii,
1980). This allows monitoring the soil water con-
tent.

In this paper the data collected in different field
experiments are reported. One experiment was
carried out in a physical model at the Lido beach
of Venice (MENZIANI et alii, 1999). Another one
was performed in Val d’Ossola (alpine valley) bet-
ween Switzerland and the Lago Maggiore (Italy)
(MENZIANI et alii, 2000; MENZIANI et alii, 2001).

The last one is a survey realized at the Parco
Lambro, a suburban area of Milan, the largest
town of northern Italy (MENZIANI et alii, 2002).
The TDR technique has been used to measure
the soil volumetric water content during these
experiments, at different depths and at regular
time intervals. The soil water content readings are
used to estimate the water loss of a soil column
of unitary cross section, using the water balance
principle.

Finally, analytical solutions of the linearized
Richards equation were obtained by MENZIANI et
alii (2005), assuming arbitrary initial and bounda-
ry conditions for the water content. In this paper,
a solution, obtained for any surface flux bounda-
ry condition and any soil water content initial
condition, is presented. It is the result of the sum
of simple solutions obtained for constant boun-
dary condition and null initial condition and for
constant initial condition and null boundary con-
dition. The vertical profiles of the soil water con-
tent computed by this simple sum of solutions
will be compared with the analytical solutions
obtained using continuous functions as supple-
mentary conditions (MENZIANI et alii, 2004). Part
of the theoretical study described in this paper
was presented at the AGU Hydrology Days
(Colorado State University).

2. - STUDY AREAS AND EXPERIMENTAL
SET UP

The experimental set up of the three conside-
red case studies is briefly described. At the sites of
Pallanzeno and Milan the buriable TDR probes
(three rods, 20 cm long) were horizontally instal-
led directly in the natural soil. At the Venice site
(Lido beach) a wide fibreglass tank was filled with
sand and buried in the same sand. In this way a
physical model with known initial and boundary
conditions was available.

2.1. - THE VENICE SITE

The Venice site was located at the beach of the
Lido of Venice, in the strip of sand (200-800 m
width) between the lagoon and the Adriatic Sea.
The physical model was set up in the wide natural
sandy beach at the station of Bio-Climatologic
Institute (Comune di Venezia). The experiment at
this site was performed from the end of June to
the end of November 1997. A large tank (diame-
ter 2 m, height 1 m), completely embedded in the
sand, was filled with the same surrounding sand.
The Lido beach sand is a 99.5% fine sand with

268 MENZIANI  M. - PUGNAGHI S. - ROMANO E. - VINCENZI S. - SANTANGELO R.



the characteristics reported in table 1. The TDR
probes were installed at 5, 10, 15, 20, 25, 35, 45
cm depths and were automatically scanned with a
sampling period of two hours. Initially water was
poured in the tank until a thin layer of 1-2 cm for-
med on the sandy surface; the surface ponding
permits to reach a complete saturation. Standard
meteorological data (precipitation etc.) were also
collected at the station.

2.2. - THE PALLANZENO SITE

The Pallanzeno station was set up in a large
meadow (about 140 m 80 m) located between the
alpine mountain slope and the Toce River. The
meadow was grass covered and the grass was
regularly cut. The buriable probes were installed
at 5, 10, 15, 20, 25, 30, 35, 40, 50 and 60 cm
depths at the centre of the meadow in front of
the ENEL hydropower plant of Pallanzeno. The
measurements were carried out from the end of
March to November 15, 1999, with a sampling
period of four hours. The precipitation was mea-
sured at the same station. From laboratory analy-
sis the soil was classified as a silty loam according
to the Soil Taxonomy (USDA, 1975); the soil phy-
sical characteristics are reported in table 2.

2.3. - THE MILAN SITE

The Milan site was located in a park of a subur-
ban area of the city of Milan (Parco Lambro).

The measuring station was set up inside the area
of a pumping plant of the water works of Milan,
about 200 m far from the motorway city ring.
This experiment started at the end of June 2001
and ended on November 2002. Five buriable pro-
bes were horizontally installed at 5.5, 17, 33, 52,
76 cm depths. The data were automatically collec-
ted at 30 minutes time intervals. Standard meteo-
rological properties were monitored at the site.
Samples of the soil were taken at different
depths; from the laboratory analysis the soil was
classified loam according to the Soil Taxonomy
(USDA - S.C.S., 1975). The mean values of poro-
sity of the samples and the other soil physical
characteristics are reported in table 3. On the
basis of an infiltration test carried out in situ by
means of a double ring infiltrometer, following
the D3385-94 standard of the American Society
for Testing and Materials (ASTM, 2003), the satu-
rated hydraulic conductivity of the soil was also
estimated. The maximum measured water con-
tent value is reported in table 3 as well.

3. - EXPERIMENTAL RESULTS AND
DISCUSSION

3.1. - SOIL MOISTURE DAILY VERTICAL PROFILES

From the experimental soil moisture measures,
taken at different time intervals, the daily mean
vertical profiles have been obtained.

Two drying periods have been monitored for
each test site, one in July and one in September.
The precipitation is almost absent during the
selected periods. The time evolution of the soil
moisture profile shows different trends depen-
ding on the soil characteristics and on the exter-
nal driving forces (solar radiation etc.), which
changed in the considered period. Figure 1 shows
the time evolution of the profiles for Venice ((a)
July; (b) September), Pallanzeno ((c) July; (d)
September) and Milan ((e) July; (f) September).
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    Particle sizes              d10=0.09 mm d60=0.2 mm 

   Dry bulk density        1.54 103 kg/m3 
   Particle density       2.77 103 kg/m3 
   Porosity        0.45 

Tab. 1 - Venice-Lido beach: sand characteristics.
- Lido di Venezia: caratteristiche della sabbia.

Tab. 2 - Pallanzeno site: soil characteristics. 
- Pallanzeno: caratteristiche del suolo.

Tab. 3 - Milan-Parco Lambro site: soil characteristics.
- Milano-Parco Lambro: caratteristiche del suolo.

TDR MEASUREMENTS VERTICAL WATER DISTRIBUTION

             Parameter    Value 

                      
             ks (laboratory) 

     
    >5.6 10-4 m/s 

             ks (in situ)     ≈2.0 10-3 m/s 
             φ (mean porosity)     0.51 

               θs=0.925 φ     0.472 
               θmax (measured)     40 % 

Parameter                     Value 
      ks (laboratory)                     2.26 10-7 m/s 

       ks (in situ)                     1.89 10-4 m/s 

       φ (porosity)                     0.61 

       θs=0.925 φ                     0.562 

       θmax (measured)                     56 % 
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Fig. 1 - Soil moisture vertical profile trends during drying periods. (a) Venice 21-29 July 1997; (b) Venice 15-28 September 1997; (c) Pallanzeno 19-27 July 1999;
(d) Pallanzeno 5-14 September 1999; (e) Milan 24-30 July 2001; (f) Milan 1-13 September 2001.

- Andamenti dei profili verticali d’umidità durante l’essiccamento. (a) Venezia 21-29 Luglio 1997; (b) Venezia 15-28 Settembre 1997; (c) Pallanzeno 19-27 Luglio 1999; (d)
Pallanzeno 5-14 Settembre 1999; (e) Milano 24-30 Luglio 2001; (f) Milano 1-13 Settembre 2001.
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The soil moisture vertical profiles, measured in
the sand of the Lido beach, are concave in their
upper part showing an inflection point moving
downward as the time increases. This inflection
point is observable both in July and September.
During the drying period in July, mainly the shal-
low 25-cm-thick soil layer loses water (fig. 1a). In
September the upper soil layer (0-15 cm) is very
dry and the change in soil moisture is negligible;
the water loss of the soil column is supported by
the underlying layer (fig. 1b).

The soil moisture vertical profiles measured at
Pallanzeno appear to be convex in July and almost
uniform in September (fig. 1c and 1d). In July, the
drying process involves the entire investigated soil
column but the topmost layer (10 cm thick) is
mostly affected. In September, the time evolution
of the profile is almost a translation along the θ
axis, that is, the whole layer from 0 to 30 cm is
depleted at an approximately constant rate and an
important contribution to the water loss comes
also from the underlying soil.

Also the profiles collected at Milan in July and
September are convex along their whole thickness
(fig. 1e and 1f). The water in July is lost only by
the layer from 0 to 50 cm. In September the
drying process starts after a rainfall of 16.4 mm,
fallen in six hours. The soil water profiles show
that evaporation and redistribution take place
contemporaneously. At the two shallowest sam-
pling depths (5.5 and 17 cm) the soil moisture
data show a decreasing trend during the whole
period. The soil moisture at 33 cm depth initially
increases then decreases. The soil moisture at 52
cm shows an increasing trend during the whole
period. Only the deepest level (76 cm) is practical-
ly not involved in these processes.

It is interesting to note that the experimental
soil moisture profiles in figures 1a and 1b show
an upward concavity as the drying process pro-
gresses. This implies the presence, in the profile,
of an inflection point where the second derivative

is null. Disregarding thermal and gravity
effects (e. g. second stage of evaporation), the dif-
fusion equation is normally used to derive the
temporal evolution of the volumetric water con-
tent θ (BRUTSAERT & CHEN, 1995). In this case,
the θ profiles may have an inflection point only if
the hydraulic diffusivity D(θ) has a minimum;
otherwise, a negative source term has to be intro-
duced in the flow equation (MENZIANI et alii, 2002).

3.2. - CUMULATIVE EVAPORATION

The water balance for the soil column of unit
cross-section and height H can be described by

the following conservation relationship 

where θ is the soil volumetric water content; ρ is
the water density, is the mass flux vector. The
vertical direction z is assumed positive downward.
If the horizontal flux at the border of the soil
column and the vertical flux at z=H may be
neglected, the integration of equation (1), with
respect to z and t, gives 

where L(H,t) is the water loss of the soil column
during the interval (0, t); E(t) is the cumulative
evaporation and P(t) is the cumulative precipita-
tion at the time t.

Applying equation (2) to the experimental soil
moisture and precipitation data, the cumulative
evaporation is obtained. Figures 2a, 2b and 2c
show the measured daily precipitation and the
cumulative evaporation, computed for the pre-
viously described periods, using the data collected
at the test sites of Venice, Pallanzeno and Milan
respectively (symbols). The solid lines are the
interpolation of the experimental data with a fun-
ction proportional to the square root of time,
according to the flow equation solution for the
desorption approximation (MENZIANI et alii,
2002).

As previously stressed, at the Milan site, eva-
poration and redistribution took place contempo-
raneously immediately after the precipitation of
September 1, 2001; therefore the quite high
values obtained by means of equation (2) for
September 2 and 3 (t=1 and t=2 in figure 2c) can
be interpreted as the water loss of the soil column
rather than evaporation only.

4. - THE MATHEMATICAL MODEL: THE
LINEARIZED RICHARDS EQUATION

Analytical solutions of the differential equation
governing the water flow in unsaturated soils, the
Richards equation (RICHARDS, 1931), are availa-
ble, most of which are based on the assumption
of highly simplified expressions for the relation-
ships between the hydraulic conductivity and dif-
fusivity and the soil water content (e.g. WARRICK,
1975; SANDERS et alii, 1988; BROADBRIDGE &
WHITE, 1988; HOGARTH et alii, 1989, 1992;
WARRICK et alii, 1990; BARRY et alii, 1993; ROSS &
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Fig. 2 - Cumulative evaporation trends during drying periods. The time t=0 corresponds to the first day of the considered period. (a) Venice 21-28 July and
15-28 September 1997; (b) Pallanzeno 19-27 July and 5-14 September 1999; (c) Milan 24-30 July and 1-13 September 2001.

- Andamenti dell’evaporazione cumulativa durante il processo d’essiccamento. Il tempo t=0 corrisponde al primo giorno del periodo considerato. (a) Venezia 21-28 Luglio e 15-28
Settembre 1997; (b) Pallanzeno 19-27 Luglio e 5-14 Settembre 1999; (c) Milano 24-30 Luglio e 1-13 Settembre 2001.
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PARLANGE, 1994; PARLANGE et alii, 1997; BASHA,
1999; HOGARTH & PARLANGE, 2000; CHEN et alii,
2001).

The aim of this section is to derive a solution
for the linearized, one dimensional Richards
equation (3) subject to any flux boundary condi-
tion and θ initial condition. The complementary
conditions will be approximated by a sum of step
functions. The choice about the hybrid  comple-
mentary conditions follows from the remark that
the soil water content profile (initial condition)
and the trend of the flux at the surface (bounda-
ry condition) may be measured using TDR pro-
bes and standard meteorological sensors.

For the sake of simplicity, in the text the sym-
bol used for the experimental soil water content is
the same used for the normalized soil water con-
tent or soil saturation          . The normalized soil
water content ranges between 0 and 1 correspon-
ding to the minimum and the maximum measu-
red values.

In equation (3), D is the hydraulic diffusivity
and           ; they are assumed constant. k is the
soil hydraulic conductivity; the normalized soil
water content θ ranges from 0 to 1.

The solution of equation (3) is simple for the
following complementary conditions:

(where q0 is a constant); that is a uniform (zero)
initial condition for the soil volumetric water con-
tent and a constant flux at the surface. As descri-
bed in MENZIANI et alii (2004), the solution of
equation (3) is:

Ierfc is the iterated complementary error function
(ABRAMOWITZ, 1965).

4.1. - SOLUTION WITH STEP FUNCTIONS APPROXI-
MATING THE FLUX AT THE SURFACE

The experimental surface flux cannot be always
represented by a simple function. In such a case,
it may be very difficult or even impossible to
solve equation (3). Vice versa, approximating any
arbitrary boundary condition with a sum of step
functions the solution of the problem is given by

the sum of expressions similar to equation (5). In
fact, assuming a uniform initial condition

(i.e. )   and a boundary condi-
tion as sketched in fig. 3, the solution, in the time
interval (tM-1, tM), is:

M is the number of discontinuities (at t1, t2, ...,
tM, ...) where the boundary condition assumes the
values: q1, q2, ..., qM, ... (besides q0).

In figure 3 a constant flux q1 lasts from t0 to
t1, a constant flux q2 lasts from t1 to t2 and so on.
In equation (6) the difference (qj - qj-1) represents
the height of the step function starting at tj-1 (cle-
arly q0=0).

In figure 4 the solid lines represent, for four
successive time steps, the solutions of the lineari-
zed Richards equation assuming a null initial con-
dition for the soil water content and a decreasing
exponential flux as boundary condition
(MENZIANI et alii, 2004); they are compared with
the approximated solution (6) (circles). The soil
moisture results agree satisfactory even though a
rough time resolution was used to approximate
the incoming flux. In real experimental cases this
technique can be used to choose a proper rain
gauge acquisition time.

4.2. - SOLUTION WITH STEP FUNCTIONS APPROXI-
MATING THE INITIAL CONDITION

In the previous paragraph the boundary con-
dition (i.e. the flux at the air-soil interface) was
approximated by a sum of step functions. In a
similar way, here, an arbitrary initial condition is 
approximated by:

N is the total number of discontinuities (at z1, z2,
..., zN) where the initial condition assumes the
values: θ1, θ2, ..., θN (besides θ0). H(x) is the
Heaviside function with argument x (JONES, 1966).

Now, assuming a null flux as boundary condi-
tion, the solution of the linearized Richards equa-
tion with  the flux as the unknown function, for-
mally equal to (3), says that the soil volumetric
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water content is given by the sum of (N+1) solu-
tions:

where (MENZIANI et alii, 2004):

and:

Generally, approximating any arbitrary boun-
dary and initial condition with a series of step
functions the solution of the linearized Richards
equation is given by the sum of equations (6) and
(8).

5. - CONCLUSION

In this paper the experimental soil water con-
tent profiles measured at different test sites have
been reported. These profiles clearly show diffe-
rent behaviour: the concavity of the profiles mea-
sured at Venice is upward while the other profiles
are mainly convex. From the shape of these pro-
files information on the hydraulic diffusivity fun-
ction and/or on the partial differential equation
to be solved has been obtained.

From the same profiles and from the precipi-
tation, the cumulative evaporation has been deri-
ved by means of a mass balance equation.
Treating, as usual, the drying process as desor-
ption and assuming a constant diffusivity, the dif-
fusion equation is analytically solved and the
cumulative evaporation results a function of the

square root of the time. The experimental cumu-
lative evaporation has been fitted with this fun-
ction.

The linearized Richards equation with a boun-
dary condition on the flux and a soil water con-
tent initial condition has been considered.

A general solution has been obtained approxi-
mating the flux boundary condition by a sum of
step functions and with a null uniform soil water
content initial condition. Moreover, a solution is
obtained for a null flux at the surface and an ini-
tial condition approximated by a sum of step fun-
ctions. The expression obtained adding these two
solutions permits to solve the linearized Richard
equation for any arbitrary boundary and initial
condition.

The expression obtained from the described
procedure is a sum of analytical solutions, which
can be very useful to solve hydrological problems.
In particular the procedure allows using experi-
mental rain gauge data, which are very common.
In fact, these data may be assumed as the inco-
ming water flux at the atmosphere-soil interface if
the precipitation rate doesn’t exceed the soil infil-
trability.
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Fig. 3 - Step functions used to approximate the surface water flux.
- Funzioni gradino usate per approssimare il flusso d’acqua alla superficie.

Fig. 4 - Comparison between an analytical solution of the Richards equa-
tion and the solution (6), obtained approximating the boundary condition

with a sum of step functions (axes are drawn with arbitrary units).
- Confronto tra una soluzione analitica dell’equazione di Richards linearizzata e la
soluzione (6), ottenuta approssimando la condizione al bordo con una somma di fun-

zioni gradino (gli assi sono disegnati con unità arbitrarie).
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